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ABSTRACT 

> 

\q • We find giant graviton configurations of an M5-brane probe in the D=ll supergravity 

background generated by a stack of non-threshold (M2,M5) bound states. The M5-brane 
probe shares three directions with the background and wraps a two-sphere transverse to the 
bound states. For a particular value of the worldvolume gauge field of the PST formalism, 



O 



there exist solutions of the equations of motion for which the M5-brane probe behaves as a 
wave propagating in the (M2,M5) background. We have checked that the probe breaks the 
supersymmetry of the background exactly as a massless particle moving along the trajectory 
Qh! of its center of mass. 
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1 Introduction 



The so-called giant gravitons are configurations of branes which behave as an expanded 
massless particle. They were introduced in ref. |I[ for branes moving in a spacetime of the 
type AdS m x S p+2 and generalized in refs. for more general near-horizon brane geome- 

tries. The supersymmetry of the giant graviton configurations in AdS m x S p+2 spacetimes 
was studied in refs. |5|, Q , where it was proved that they preserve the same supersymmetries 



as the point-like graviton in the same spacetime (see also HTfl-P^I). 

The general mechanism underlying the construction of ref. [|IJ is the coupling of the 
brane probe to the background gauge field. The flux of this gauge field captured by the 
wrapped brane probe stabilizes it against shrinking, which allows the existence of stable 
solutions behaving as massless particles. This situation was generalized in ref. [|J, where 
giant gravitons for a type II background created by a stack of non-threshold (D(p-2), Dp) 
bound states were found. In this case, the probe is a D(8-p)-brane which wraps the S 6 ~ p 
sphere transverse to the background, and is extended along two directions parallel to it. This 
configuration is such that the probe captures both the Ramond-Ramond flux and the flux 
of the Kalb-Ramond B field. 

In this paper we extend the analysis of ref. to M-theory backgrounds generated by a 
stack of non-threshold bound states of the type (M2,M5). The corresponding solution of the 
D=ll supergravity equations was given in ref. [O] and used as supergravity dual of a non- 



commutative field theory in ref. JL4J]. As suggested in [|[], the probe we will consider is an 
M5-brane wrapped on an S 2 transverse sphere and extended along three directions parallel to 
the background. We will show that, after switching on a particular value of the worldvolume 
gauge field, one can find giant graviton solutions of the corresponding worldvolume equations 
of motion. We will also analyze the supersymmetry of the problem, and we will show that 
our M5-brane configurations break supersymmetry exactly in the same way as a wave which 
propagates with the velocity of the center of mass of the M5-brane probe. 

2 The supergravity background 

The metric for the eleven dimensional supergravity solution of the background we will con- 



sider is (1T3 



+ 



ds 2 = f' 1 / 3 h' 1 ' 3 [ - ( dx° ) 2 + ( dx 1 ) 2 + ( dx 2 f + h (( dx 3 ) 2 + ( dx 4 ) 2 + ( dx 5 ) 2 ) 

+ f 2 / 3 h^ 3 [dr 2 + r 2 dn 2 4 ] , (2.1 

where dVt\ is the line element of a unit 4-sphere and the functions / and h are given by: 

R 3 



I 1 • r . 



h~ x = sinV f' 1 + cosV • (2-2) 
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The metric (2T) is the one generated by a stack of parallel non-threshold (M2,M5) bound 
states. The M5-brane component of this bound state is extended along the directions 
x°, ■ ■ ■ , x 5 , whereas the M2-brane lies along x°, x 1 , x 2 . The angle ip in eq. ( |2.2| ) determines 
the mixing of the M2- and M5-branes in the bound state and the "radius" R is given by 
R 3 cos <p = 7r N I 3 where l p is the Planck length in eleven dimensions and N is the number 



of bound states of the stack. The solution of D=ll supergravity is also characterized |]T3 
by a non- vanishing value of the four-form field strength F^ 4 \ namely: 

F {4) = sin^d^/" 1 ) dx° A dx 1 A dx 2 Adr - 3R 3 cos<pe^) - 

- tan ipdrihf'^dx 3 A dx 4 A dx 5 A dr , (2.3) 

where represents the volume form of the unit S 4 . The field strength can be rep- 
resented as the exterior derivative of a three- form potential C^ 3 \ i.e. as = dC^ 3 \ In 
order to obtain the explicit form of C^ 3 \ let us introduce a particular set of coordinates for 
the transverse S 4 0. Let p and (ft take values in the range < p < 1 and < (p < 2n 
respectively. Then, the line element dfl 2 can be written as: 

dnl = ^-^dp 2 + (i - P 2 )d4> 2 + P 2 dn 2 2 , (2.4) 

where dQ 2 . is the metric of a unit S 2 (which we will parametrize by means of two angles 9 l 
and 6 2 ). In these coordinates one can take as: 

C^ 3) = - sin p> f 1 dx° A dx 1 A dx 2 - R 3 cos (p p 3 d<f) A e (2 ) + 

+ tan p hf' 1 dx 3 A dx 4 A dx 5 , (2.5) 



where e^) is the volume form of the S 2 . It is not difficult to verify from eq. (|2.3|) that *F^ 
satisfies: 

cTF (4) = ~\f (4) AF (4) , (2.6) 

where the seven- form *F ( - 4 ' > is the Hodge dual of F^ with respect to the metric ( j2.1[ ). Eq. 
(U) implies that *F^ can be represented in terms of a six-form potential as follows: 

= dC< 6 > - -C® AdC^ . (2.7) 



By taking the exterior derivative of both sides of fl2.7Q , one immediately verifies eq. (|2.6|) . 
Moreover, it is not difficult to find the potential in our coordinate system. Actually, 
one can easily check that one can take as: 

C (6) = ^- sinpcosp f' 1 R 3 p 3 dx° Adx 1 Adx 2 Ad(p A€( 2 ) - 

- - 1 + - C ° S - f^ 1 dx° A dx 1 A dx 2 A dx 3 A dx 4 A dx 5 - 
2 cosy? 

- - sin p R 3 p 3 h f- 1 dx 3 A dx 4 A dx 5 A d<p A e (2 ) . (2.8) 
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3 The M5-brane probe 



We shall now consider the near-horizon region of the (M2, Mb) geometry. In this region 
the radial coordinate r is small and one can approximate the function / appearing in the 
supergravity solution as / m R 3 /r 3 . Following the analysis of ref. [§J, we place an M5-brane 
probe in this geometry in such a way that it shares three directions (x 3 ,x 4 ,x 5 ) with the 
branes of the background and wraps the S 2 transverse sphere parametrized by the angles 
1 and 2 . The dynamics of the M5-brane probe is determined by its worldvolume action, 



i.e. by the so-called PST action [fig] . In the PST formalism the worldvolume fields are a 
three-form field strength F and a scalar field a (the PST scalar). The action is the sum of 
three terms: 



S — Tm5 J d £ £>dbi + £>hh + £>wz i (3.1) 
where the tension of the M5-brane is Tms = l/(27r) 5 1®. In the action ( |3.1|) the field strength 



F is combined with the pullback P[C ( - 3 - ) ] of the background potential to form the field 
H: 

H = F - P[C {3) ] . (3.2) 
Let us now define the field H as follows: 

H ij = , } . 1 e ijklmn d k a H lmn , (3.3) 
3! v^det^ k Imn, 

with g being the induced metric on the M5-brane worldvolume. The explicit form of the 
three terms of the action is: 



)~-dbi = -y-det(g i:j + H i:j ] 



HH 



n .,~ N 9 e ljkmnr H mnr Hjki g ls dia d s a , 
2A{oay 



C 



wz 



6! £ 



ijklmn 



P[C% jk i mn + 10 H ljk P[C^} 



Imn 



(3.4) 



The worldvolume coordinates £ l (i = 0, ■ • • , 5) will be taken as = ( x , x , x , x , 0,0). In 
this system of coordinates the configurations we are interested in are described by functions 
of the type r = r(t) , p = pit) and = <p(t) , where t = x°. Moreover, we will assume 
that the only non-vanishing components of H are those of P[C^ 3 - ) ], i.e. H x s x 4 x 5 = H 3i5 and 
H x o g i d 2 = Ho*. As discussed in ref. JOJ, the scalar field a is an auxiliary field which, by fixing 
its gauge symmetry, can be eliminated from the action at the expense of loosing manifest 



covariance. In this paper we will work in the gauge a 
component of H is: 



X 



In this gauge the only non-zero 
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2 2 

r p 



(2) H . 



3-lo 



(3.5) 

where g® is the determinant of the metric of the two- sphere. By using (|3.5[) one can easily 
obtain Cdbi for our configurations. Indeed, after a short calculation one gets: 



C 



DBI 



-R 3 p 2 




-2f-l 



ly — 2, J ■ — 



P 2 



l-p 2 



- (I-P 2 



(3.6) 
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where the dot denotes time derivative and Ai is defined as: 



-^345) h~ 



(3.7) 



It is also very easy to prove that the remaining terms of the action are: 
^■hh + £wz = - -F345 Po* — -F345 -P[C^]o* + 

+ P[C ,(6) ]o34 5 * + \p[C^]usP[&%* , 

with Fo* = F x o0iQ2 and similarly for the pullbacks of C*- 6 -* and C^ 3 \ From eqs. 
rrSI) it follows that: 



(3.8) 
and 



J P[C (6) ]o345* 

p[c^w 



-R 3 p 3 smiphf- 1 ^)^ 
tan ip h f~ x , 



R 3 p 3 cos tp JgW (j) . 



(3.9) 



By using eq. (|3.9| ) it is straightforward to demonstrate that the sum of the last two terms 
in C H fj + Cy/z vanishes and, thus, we can write: 



1 



C H fj + C wz = R 3 p 3 F 345 cos cp V^ (2) + -^345^0* • 



(3.10) 



Let us assume that F * = y /o* with / * independent of the angles of the S 2 . With this 
ansatz for the electric component of F, the action can be written as: 



S = j dt dx 3 dx 4 dx 5 C , 
with the lagrangian density C given by: 

C 



(3.11) 



AttR 3 T, 



A/5 



P 2 A M r-V" 1 



P 2 



1-P 2 



:i-p 



2^ A2 



+ 



+ A 2 p 3 + ^3 ^345 fo* 



In eq. (|3.12|) we have defined A 2 as: 



A, 



F345 cos^ . 



(3.12) 



(3.13) 



As in ref. it is interesting to characterize the spreading of the M5-brane in the x 3 x 4 x 5 
directions by means of the flux of the worldvolume gauge field F. We shall parametrize this 
flux as follows: 



dx 3 dx 4 dx 5 F 



2tt 



N' 



M2 



(3.14) 



where Tm2 — l/(2vr) 2 /p in the tension of the M2-brane. Notice that, when the coordinates 



are compact, the condition (|3.14|) is just the M-theory flux quantization condition 



1 4 5 

CC 'JC 

found in ref. [[HJ, with the flux number N' being an integer for topological reasons. 

In order to perform a canonical hamiltonian analysis of this system, let us introduce the 
density of momenta: 

dC 

P r = — = AttR T M5 Xi7T r , 

or 



V, 



dC 

dp 



4 7 r J R 3 T M5 A 1 7r, 



p ■ 



(3.15) 



where we have defined the reduced momenta 7r r , tt p and tt^. From the explicit value of L 
(eq. (TO ), we get: 

r 2 

7T r 



P 



T 2 , ,/ r -2 j-l r -2j,2 P 2 



1-P 



2\ A2 



■Kc. 



1 - P Jr~ 2 f- 1 - r~ 2 r 2 



:i-p 



2^ ^2 



7!> 



r -2 J-l 



^-1 2, J ■ — 



i-p 2 



p 



2\ A2 



+ Ap 3 , 



(3.16) 



where we have introduced the quantity A = A2/A1. The hamiltonian density of the system 
is: 



n 



rV r + P V P 



dC 



After a short calculation one can prove that 7i is given by: 



C 



U = 47r J R 3 T M5 A 1 r- 1 r l 



r 2 vr 2 + p 4 + (l-p 2 )vr 2 + 



(7^ - Ap 3 ) 
1 -p 2 



2 I 

2 



(3.17) 



(3.18) 



4 Giant graviton configurations 



By inspecting the line element displayed in eq. ( |2.4j ) one easily concludes that the coordinate 
p plays the role of the size of the system on the S 2 sphere. We are interested in finding 
configurations of fixed size, i.e. those solutions of the equations of motion with constant p. 
By comparing the hamiltonian density written in fl3.18|) with the one studied in ref. Q, it is 
not difficult to realize that these fixed size solutions exist if the quantity A takes the value 
A = 1. Indeed, if this condition holds, the hamiltonian density "H can be put as: 



H = 4vr J R a T M5 A 1 r- 1 r 7 



2^22^,, 2, 2 , WP-P 

7T«4 + r 7T r + (1 - p ) 7T + 



I-P 2 



(4.1) 
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and, as we will verify soon, one can easily find constant p solutions of the equations of motion 
for the hamiltonian ( f4.1|) . Moreover, by using the value of -P[C^ 3 )]345 given in eq. ( |3.9|) , one 
can write Ai as: 

A 2 = cos 2 <p F| 45 + f- 1 ( F 345 sin if — ) 2 . (4.2) 



COS (fi 



Taking into account the definition of A2 (eq. ( [3.13| )), it follows that the condition A = 1 (or 
Ai = A 2 ) is equivalent to have the following constant value of the worldvolume gauge field: 



345 



sin ip cos if 



2 csc(2y) . 



(4.3) 



It follows from eq. ( |3.16| ) that for a configuration with p = the momentum 7r p necessarily 
vanishes and, in particular, one must require that -k p = 0. Then, the hamiltonian equations 
of motion imply that &H/dp must be zero, which happens if the last term inside the square 
root of the right-hand side of eq. (|4.1| ) vanishes, i.e. when n^p — p 2 = 0. This occurs either 
when p = or else when the angular momentum tt^ is: 



ti> = P 



(4.4) 



In order to clarify the nature of these solutions, let us invert the relation between and 
(eq. ( |3.16| )). After a simple calculation one gets: 



~P 
1-p 2 



v- 1 



1-p 2 



By taking p = ir^p - p 2 
relation between 6 and r : 



on the right-hand side of eq. 



(4.5) 



one finds the following 



(4.6) 



Remarkably, eq. ( |4.6|) is the condition satisfied by a particle which moves in the (r, 0) plane 
at p = along a null trajectory (i.e. with ds 2 = 0) in the metric fl2.1|) . Therefore, our brane 
probe configurations behave as a massless particle: the so-called giant graviton. The point 
p = can be interpreted as the "center of mass" of the expanded brane. Actually, if one 
defines the velocity vector v as v = (v-,v$-) = f 2 (f, r<p), eq. Q4.6Q is equivalent to the 
condition (v L ) 2 + (w-) 2 = 1 and, thus, the center of mass of the giant graviton moves at 
the speed of light. On the other hand, the angular momentum density V<j> for the = p 
solution can be obtained from eq. ( |3.15|) , namely: 



V, 



T. 



A/2 



27T 



^345 Np . 



(4.7) 



Moreover, by integrating the densities V$ and V r along the x 3 x 4 x 5 directions, one gets the 
values of the momenta and p r : 



P0 



dx dx dx Vd 



Pr 



cIjQlj doc doc ' 
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By using the value of the momentum density displayed in eq. ( |4.7| ), together with the 
flux quantization condition ( p.!4|) , one gets the following value of pf 



N N' p 



(4.9) 



which implies that the size p of the wrapped brane increases with its angular momentum p^. 
As < p < 1, the momentum p^ has a maximum given by p™ ax = N N'. This maximum is 
reached when p = 1 and its existence is a manifestation of the stringy exclusion principle. 

In order to analyze the energy of the giant graviton solution, let Qmn be the metric 
elements of eqs. 



(|2.1| ) and (|2.4j ) at the point p = 0. Then, it is straightforward to verify that 
the hamiltonian Hqg of the giant graviton configurations is: 



H, 



GG 



Qdxb Qrr 



(4.10) 



which is exactly the one corresponding to a massless particle which moves in the (r, 0) plane 
under the action of the metric Qmn- By substituting in eq. ( [4.10| ) the explicit values of the 
Qmn's, one can write H GG as: 



H, 



GG 



R 



r 3 pl + r- 



(4.11) 



By using the conservation of energy, one can integrate the equations of motion and get the 
functions r(t) and <j)(t). It turns out that the corresponding equations coincide with one of 
the cases studied in ref. |4[]. Therefore, we simply write the results of this integration and 
refer to M for the details of the calculation. One gets: 



1 + 



4_R 3 



(t - Uf 



tan 



1 

2R 



(£)'(«-*.) 



(4.12) 



where r* 



and t* are constants. Notice that r < r* and that r — - > as t —>■ oo, which 



means that the giant graviton always falls asymptotically to the center of the potential. 

It is also interesting to study the volume occupied by the M5-brane probe along the 
x 3 x A x 5 directions. By plugging the value ([4.3|) of the worldvolume gauge field into the flux 
quantization condition ( p. 14 ), one gets that this volume is: 



dx dx dx'" 



TIN' 



sin(2<y?) 



(4.13) 



AI2 



When ip — > 0, the M2-brane component of the background bound state disappears and we 
are left with a M5-brane background. For fixed N', it follows from eq. fl4.13|) that the 
three directions of the M5-brane probe which are parallel to the background collapse and, 
therefore, the M5-brane probe is effectively converted into a M2-brane, in agreement with 
the results of ref. M. 
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The gauge field F of the PST action satisfies a generalized self-duality condition which 
relates its electric and magnetic components. In order to get this self-duality constraint one 
must use both the equations of motion and the symmetries of the PST action [TjJ. In our 
case, this condition reduces to: 

(4.14) 



dF 







345 



Indeed, after using the explicit expression of C (eq. (|3.12|) ), and solving eq. (|4.14j) for / * 

one gets: 



o* 



2R 5 



2 -^345 



j /y 2 f 1 /y 2,y«2 



P 1 



I-P 2 



2\ A2 



cosy? p 



(4.15) 



By substituting on the right-hand side of eq. (|4.15| ) the values corresponding to our giant 
graviton configurations, one gets a vanishing result, i.e.: 



fo* 



GG 







(4.16) 



Thus, our expanded graviton solutions have zero electric field on the M5-brane worldvolume. 



5 Super symmetry 

Let us now examine the supersymmetry of our configurations. First of all, we consider the 
supersymmetry preserved by the background. As the solution of D=ll supergravity we are 
dealing with is purely bosonic, it is only invariant under those supersymmetry transforma- 
tions which do no change the gravitino field ipM- This field transforms as: 

= Due + ± (r*~* - 85*r*"«Ae F«U . (5.1) 



The spinors e for which the right-hand side of eq. ( |5.1|) vanish are the Killing spinors of the 
background. It is not difficult to find them in our case. Actually, if we define the matrix 
T = r* with = r gig2 , they can be parametrized as follows: 

— F '1 A * @ T 



e~s 1 e , (5.2) 



where a and (3 are: 

sin a = f~^h^sinip, cos a = cos ip 



sin (3 = p , cos (3 = y 1 — p 2 , (5.3) 

and e is independent of p and satisfies: 

r x o... x s e = e. (5.4) 
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By working out the condition SipM — one can determine e completely. We will not 
reproduce this calculation here since the representation (|5.2|) is enough for our purposes. Let 
us however mention that that it follows from this analysis that the (M2,M5) background is 
1/2 supersymmetric. 

The number of supersymmetries preserved by the M5-brane probe is the number inde- 
pendent solutions of the equation T K e = e, where e is one of the Killing spinors ( |5.2|) and T K 
is the K-symmetry matrix of the PST formalism [15, 17]. In order to write the expression of 
this matrix, let us define the following quantities: 



u p = 



d p a 



-(da) 2 

Then, the K-symmetry matrix is: 

v <y m 



4-m — _ mn 1 n 2 piP2q tt it 

h — o c 11 nin2 11 PiP2 1 



(5.5) 



-det(g + H) 



lnt n + 



2 I ±J -np ' IH---15 c 1 



(5.6) 



In eq. ( p.6[ ) ji^... are antisymmetrized products of the worldvolume Dirac matrices 

H 



diX M EjjTm_. In our case the vector t m is zero and the only non-zero component 



of v m is: u = y/—G a - Using these facts, after some calculation, one can represent T K as: 

1 



-Gtt 



Gu r^o + 0v g^ + rJ G rr r 



with i] given by: 



sin r/ 



i , i 

2 



cos?7 



H U5 h 2 



Ai 'Ax 
By using eqs. (|5.7|) and (|5.2|) , the equation T K e = e takes the form: 



(5.7) 



(5i 



1 



2 - G rr f 2 



— G tt r^-o + J Gchj, Ts + rd G rr T 



e (a-v) r . 3A5 e -|Tg _ 



(5.9) 



Let us now evaluate eq. (|5.9| ) for our solution. First of all, one can verify that, when the 
worldvolume gauge field F 345 takes the value (|4.3| ), the angles a and r] are equal and, thus, 
the dependence on T X 3 X 4 X 5 of the right-hand side of (|5.9| ) disappears. Moreover, using the 
condition fl4.6p, and performing some simple manipulations, one can convert eq. (|5.9|) into: 



f-t T x0(j) - 0r /? Jl-p 2 + r/* e^T 



e = pr f * cpT e 



(5.10) 
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If, in particular, we take p = in eq. (|5.10 ), one arrives at: 



. 



(5-11) 



Remarkably, if eq. fl5.11| ) holds, then eq. ( p-lOj ) is satisfied for an arbitrary value of p. Thus, 
eq. ( |5.11|) is equivalent to the K-symmetry condition T K e = e. In order to interpret ( 5.11|) , 
let us define the matrix I\, = v L T L + v^-T^, where v- and v^- are the components of the 
center of mass velocity vector v defined above. This matrix is such that {T v ) 2 = 1, and 
one can prove that eq. ( |5.11| ) can be written as: 



(5.12) 



Taking into account the relation 



between e and e, and using the fact that T x o F v 



commutes with T x 3 x i x 5 



one can recast eq. fl5.12|) as 



\p=Q 



lp=0 



(5.13) 



which is the supersymmetry projection induced by a massless particle moving in the direc- 
tion of v at p = 0. Notice that, however, the background projector T x o... x 5 does not commute 
with T x o T v and, therefore, eq. 



[|5.4j) and ( |5.12|) cannot be imposed at the same time. Thus, 
the M5-brane probe breaks completely the supersymmetry of the background. The inter- 
esting point in this result is that this supersymmetry breaking is just identical to the one 
corresponding to a massless particle, which constitutes a confirmation of our interpretation 
of the giant graviton configurations. 



6 Summary and conclusions 

In this paper we have found giant graviton configurations of an M5-brane probe in the D=ll 
supergravity background created by a stack of (M2,M5) bound states. We have solved the 
probe equations of motion and we have checked that the corresponding solution behaves 
as an expanded massless particle propagating in the (M2,M5) background. We have also 
checked that the probe breaks the supersymmetry of the background exactly in the same 
way as a massless particle moving along the trajectory of the center of mass of the probe. 
Our results generalize those of refs. |]]]-[f§] and, hopefully, could be useful to shed light on 
the nature of the blown up graviton systems. 
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